The WIMP "miracle" suggests a new physics threshold ranging from the weak scale up to several tens of TeVs. Obtaining the correct dark matter density in many theories aiming to solve the hierarchy problem may thus require some amount of tuning of the weak scale, hinting at a possible connection between WIMP dark matter and unnaturalness. We point out that dark matter direct detection is a very efficient probe of these unnatural models, and that existing data already provide important clues to the nature of the associated WIMPs. We present a model-independent, relativistic analysis of the signatures of a gauge-singlet dark matter candidate of arbitrary spin, and discuss the current experimental bounds from LUX and XENON100. For complex WIMPs, dark matter direct detection is complementary to electroweak precision tests, and can even compete with flavor constraints if the dark matter has spin. Particularly relevant for future searches are couplings to the Higgs mass operator, which are expected to be large if the electroweak scale is finely tuned. Care is devoted to the RG evolution of the effective Lagrangian. We find that the CP-even scalar coupling to charm quarks is enhanced by about 20% compared to the one-loop estimate.
Contents
1 WIMPs and Un-Naturalness
So far, the LHC has found no evidence of physics beyond the standard model (SM). One possible reason might be that the physics responsible for solving the hierarchy problem is somewhat different from what we were expecting. The alternative option is that the weak scale is tuned.
The most serious tuning in particle physics is associated with the cosmological constant, and to date, arguably the simplest solution to this puzzle is offered by "environmental considerations" [1] . Perhaps the big hierarchy is due to similar reasons. primary importance to study the phenomenology of WIMPs without making reference to any particular model.
Direct detection experiments offer a unique opportunity in this respect. Because the momentum transfer characteristic of elastic DM-nuclei scattering is comfortably below the DM mass, it is possible to use standard effective field theory techniques to perform an operator analysis. In contrast, indirect detection from DM annihilation and decay, as well as collider searches, probe energies comparable to the new physics scale, and are intrinsically sensitive to the details (i.e. new particles and interactions) of the UV-completion.
Direct detection signatures of neutralino DM have been discussed extensively in the literature. However, no systematic study exists for DM candidates in strongly coupled scenarios (with the exception of ref. [7] , which focused on techni-baryon DM in Higgsless theories).
In this paper we present a model-independent analysis of the most relevant direct detection signatures of a gauge-singlet DM candidate of arbitrary spin S. We focus on scenarios with WIMPs heavier than ∼ 100 GeV, for which direct detection experiments have the best sensitivity, and assume that the new physics follows Naive Dimensional Analysis. This formalism is especially suited for strongly coupled dark sectors, but our results have a much wider validity and can be easily generalized to models with light DM and light mediators.
The operator analysis is presented in section 2. When restricted to real DM candidates, the effective Lagrangian includes the interactions discussed for neutralino DM in the MSSM (see for instance [8] [9] ), whereas for Dirac or complex scalars our results extend [7] by including couplings to the Higgs and SM fermions. The current direct detection constraints are then analyzed using LUX [10] and XENON100 (2012) [11] data in section 3.
Unnaturalness may not only be favored experimentally, but can also be theoretically attractive. In [12] it was emphasized that unnatural realizations of Supersymmetry can be viewed as elegant theories for charge quantization, dark matter, and (more recently) the Higgs mass [3] [13] . In the same spirit, in section 4 we will argue that unnatural strongly coupled models (warped extra dimensions) represent compelling theories for the Higgs mass, flavor, and dark matter.
Effective theory for Dark Matter direct detection
We assume that the dark matter (DM) is a SM singlet field X of mass m X , and focus on elastic processes X(p)T (k) → X(p )T (k ), with T a target nuclei. 3 The effective Lagrangian is defined at a scale Λ v w ≈ 246 GeV, as the sum of a (infinite) number of local operators O α :
(2.1)
Here Λ should be understood as the typical mass of the fields mediating the interactions between DM and the SM. We will comment in section 5 how the analysis should be modified in the presence of light mediators. Making use of the Fierz identities, any O α can be written as the product of a SM-singlet operator O A α , built solely of SM fields, and a DM bilinear
with A denoting a Lorentz index. It follows that the S-matrix elements for DM-nuclei scattering can be split into a nuclear matrix element of O A α and a DM bilinear
with s, s = 1, · · · , 2S + 1 spin indices. Rather than considering DM operators we will be dealing directly with the matrix elements. The utility of this formalism is that it considerably simplifies the study of WIMPs with arbitrary spin S, because the auxiliary fields that would otherwise be needed to describe relativistic DM operators are automatically decoupled in physical processes.
As usual, the SM operators of large dimensionality are suppressed by higher powers of the heavy scale and can be neglected. We cannot always apply the same logic to the DM bilinears, though. Indeed, the typical momentum flowing in the DM operator is of order the DM mass m X , and this may well be of order Λ or even larger. In complete generality, one should therefore organize the effective field theory expansion according to the dimension of the SM operators O A α , which is what we will do next. In section 2.2 we will then identify the corresponding DM bilinears at leading order in a "heavy DM expansion".
The result of this program is summarized in table 1. In the first row are collected the most relevant SM operators, whereas T A (C) and T A (R) are the matrix elements for complex (C) and real (R) DM. Note that one can relate the transformation properties under P,T of the tensors T A to those of the corresponding DM operator (using relations such as (2.19) below). For example, time-reversal would forbid the electric dipole operator B µν v µ s ν . Finally, M N | SI shows the functional dependence in the spin-independent nucleon-DM scattering amplitude; spin-dependent processes are discussed in section 3.6.
An explicit connection between relativistic quantum field theory operators and matrix elements T A can be given in a light DM scenario, m X Λ, in which case the usual power counting can be applied to the DM bilinears as well. The dominant operators and the corresponding matrix elements are shown for light S = 0, 1/2, 1 DM in table 2 (see Appendix A for details).
SM operator analysis
We now study a basis for the most relevant SM-singlet operators. Under the assumption that the masses and couplings of the dark sector follow Naive Dimensional Analysis (NDA) expectations, the main discriminant is the scaling dimension d α of the SM operator O A α . We limit ourselves to d α ≤ 4.
We neglect interactions involving leptons because not directly relevant to DM-nuclei scattering. This remains true even in scenarios in which DM couplings to gauge bosons A α contributing to DM direct detection (first row). In the second and third rows we collect the leading tensor structures T A of the DM bilinears for complex (C) and real (R) DM, respectively, as well as the functional form of the non-relativistic spin-independent nucleon-DM matrix element M N | SI (with v ⊥ = v − q/2µ N ). CP is not imposed. See text for details.
and quarks are suppressed, in which case the main effect of these operators would be to renormalize the couplings in table 1.
There are two SM singlet operators with d α = 2:
We do not consider the dual field B µν as an independent operator. The operators of dimension d α = 3 are:
where q stands for any (electroweak singlet or doublet) SM quark and
Flavor-violating couplings are in principle allowed, but only contribute at looplevel in direct detection experiments and are very constrained by ∆F = 0 processes. We do not consider ∂ µ (H † H) because it is a momentum-suppressed version of H † H. For similar reasons we do not include in table 1 the various contractions of ∂ α B µν , ∂ α B µν .
Finally, at d α = 4 we find:
where all possible contractions of the indices (also with the Levi-Civita tensor) are in principle possible. The list of dim-4 operators in table 1 does not include the operators in the last line of (2.6) because these can be reduced to lower dimensional operators after integration by parts (or removed by redefining the Higgs field), or simply do not contribute to 2-to-2 DM-nuclei scattering at leading order. Also, B µν H † H, tr(H † W µν H) just lead to small corrections to processes mediated by B µν . Similarly, (H † H) 2 is subleading compared to H † H. As before, derivatives of B µν and B µν are neglected. Furthermore, we ignored the squared of the field strength of the electroweak bosons because they lead to rates that are suppressed compared to those induced by G a µν G a αβ (see for instance [14] [15]).
Some of the quark operators in (2.6) also appear to be "subdominant" or redundant. For example, DM with anti-symmetric bilinears can couple to qσ µν Hq, qσ [µ D ν] q, provided the dark sector has unsuppressed interactions with quarks. Yet, in these cases couplings to vector quark operators such as those in (2.5), or qHq, are generally present as well, and dominate. As a result, the anti-symmetric SM tensors in the first line of (2.6) have been excluded from table 1.
We are thus left with the symmetric combinations of qσ µ D ν q, and qHq. The trace of qσ {µ D ν} q, i.e. the kinetic operator qσ µ D µ q, can be removed in favor of the Yukawa coupling y SM qHq by making use of the equations of motion (or equivalently a field redefinition). 4 Therefore, only the symmetric-traceless, and hermitian, part
will be of interest here. In particular, the combination ∂ ν (qγ µ q) is momentum-suppressed, and can be reduced to a dimension-3 coupling. The analogous axial operators are obtained by replacing γ µ → γ µ γ 5 in (2.7). In this latter case one should note that the flavor-singlet combination ∂ µ (qγ µ γ 5 q) mixes with G G, so it cannot be neglected in general.
The most important combinations of G a µν G a αβ are the 2-index symmetric and trace parts:
These contribute to the QCD energy-momentum tensor, so their nucleon matrix elements are O(m 2 N ). On the other hand, the matrix elements of all other combinations involve either the nucleon spin or the momentum transfer, and hence lead to suppressed rates. In particular, the couplings to G a µν G a αβ are expected to be comparable in magnitude to those of the CP-even tensors in a generic theory, but the rates are much smaller.
Renormalization group and matching
It is often necessary to evolve the operators from the heavy mass Λ, where L eff is formally defined, down to µ Λ, where the matrix elements of O A α are extracted. The dominant renormalization group (RG) effects are expected to come from QCD, so only quark and gluon operators will be considered. 5 In the chiral limit m u,d,s = 0 the light quark vector operators in table 1 do not run. Those involving the heavy quarks (q = c, b, t) are matched onto gluon operators (see [16] and references therein) and provide negligible corrections (in the generic scenarios considered here). We will therefore use the standard nucleon matrix elements:
with n, p the neutron and proton fields.
For the axial operators one can use similar arguments to discard the interactions involving heavy quarks. However, because of the axial anomaly any qγ µ γ 5 q (where q = u, d or s) has the same anomalous dimension γ s = 16N f αs 4π 2 + O(α 3 s ) of the singlet axial current q=u,d,s qγ µ γ 5 q. Using the three-loop anomalous dimension γ s [18] and QCD beta function β s , and for µ N ∼ m N , we find:
where η parametrizes the RG effects from Λ > m t , whereas a list of the nucleon matrix elements ∆ (N ) q s used in the literature is given in [17] . Despite µ N is a rather low scale, the three-loop contribution provides just a few percent correction to the leading (2-loop) order. The impact of the uncertainties on the quark masses is of the same magnitude. This suggests that the perturbative expansion is reliable.
The last five operators in The matrix elements of the spin-2 operators are efficiently extracted by deep-inelastic data. In this case the measurement is more easily obtained at µ 1 GeV, and the RG effects from Λ down to µ N are well described by a one-loop analysis (for the CP-even tensors this is a textbook result, whereas for the CP-odd see [19] ). O µν Xqq,XGG enter the QCD stress-energy tensor, so:
q,G (x, µ) are the PDFs of the corresponding quark/gluon renormalized at µ. On the other hand, the nucleon matrix elements for GG,are estimated via lattice QCD at µ N ∼ 1 GeV. Therefore, larger RG effects are expected. We will discuss the RG evolution in detail in Appendix B. We define 6
6 Throughout the paper we use a relativistic normalization for the one-particle states.
and work at O(α 3 s ) and leading order in a heavy quark expansion. The numerical result is:
and
The NLO corrections to the one-loop analysis of [20] are of order 10 − 20%, and in practice are relevant only when the DM coupling to the charm quark are large. The terms O 1/m 2 c are estimated to be of the order a few percent. For more details see the appendix. The RG evolution of G G, q ∂ µ (qγ µ γ 5 q) can be found up to three-loops in [18] .
DM matrix elements
Direct detection processes have two small parameters: 15) with − → v the velocity of the incoming DM particle in the lab frame, of order ∼ 10 −3 , and
mass of the DM-target system). The first hierarchy suggests to perform an expansion in momentum transfer, i.e. a heavy "quark" effective field theory approach [21] [22] . This was done in [23] for real DM with electroweak charges. The second indicates that we are dealing with a non-relativistic process. Refs. [16] [24] used this to perform a non-relativistic analysis of DM-nucleon scattering. Here we will instead fully exploit the Lorentz symmetry, which implies correlations among the different SO(3) components of the Lorentz tensors. The matrix elements (T A ) s s of the DM bilinears are first identified in the "CM frame of the DM system", defined by − → p + − → p = 0, and then boosted to the lab frame (the little group rotation is the identity plus O(v 2 ) corrections). The resulting matrix elements can be written, in momentum space, as a combination of the DM 4-velocity, the spin, and the 4-momentum transferred to the target, or equivalently:
16) Table 2 . Here we list, for S = 0, 1/2, 1 and a given Lorentz structure (singlet, vector, 2-index antisymmetric and 2-index symmetric), the most relevant DM bilinears contributing in direct detection experiments (CP is not assumed). Below each operator we show the expression of the matrix element for Complex (C) and Real (R) DM at leading order in q/m X . We defined
More operators and details can be found in the text and in Appendix A. with s, s = 1, · · · , (2S + 1). These satisfy q µ v µ = s µ v µ = 0 and v µ v µ = 1 − q 2 /4m 2 X , s µ s µ = −S(S + 1), with S the DM spin. In writing the DM bilinears it is sometimes useful to note that v µ , s µ , iq µ are hermitian operators, as emphasized in [24] .
The building blocks in (2.16) are the same appearing in a heavy quark expansion [21] [22]. Ultimately, the reason is that a massive 1-particle state is described by its 4-momentum and the Pauli-Lubanski vector, whereas soft DM scattering can be accounted for by local perturbations O(q/m X ) around the free particle configuration.
Lorentz-singlet
The only Lorentz scalars we can build with (2.16) are m 2 X , s µ iq µ and q 2 . The dominant DM bilinears are therefore a T-even and T-odd scalar, whose matrix elements simply read
where spin-indices s, s are understood.
Vector and axial-vector
At zeroth order in q, the DM vectors can be written as:
Matrix elements involving higher powers of the spin operator, e.g. s α s µ s α , can be reduced to (2.18) by repeated use of the SU (2) algebra. Now, complex DM admits both matrix elements T µ 1 = av µ + bs µ , in which case the main signature is typically induced by the vector coupling ∝ v µ . Self-conjugate (real) DM does not carry a continuous charge, so these particles couple to (2.5) via axial currents ∝ s µ (i.e. a = 0). One way to see this is as follows. By CPT invariance, the matrix element of the DM bilinear between two DM states, T A , is related to the matrix element between CPT-transformed states, (T A ) c , via the relation
with η defined by CPT(DM bilinear)CPT −1 = η(DM bilinear). Since the DM operator is in this case a Lorentz vector, we can choose η = −1 in any unitary relativistic theory. Real DM in addition satisfies (T µ 1 ) c = av µ − bs µ , since a CPT transformation on the 1-particle state changes its spin but leaves the momentum unchanged. It follows that the component ∝ v µ must vanish.
Including corrections of order q, four additional Lorentz vectors can be written down up to O(q/m X ), namely iq µ , v µ (s α iq α ), ε µαβγ v α s β iq γ , s µ (s α iq α ). These are small compared to (2.18), and can always be neglected except when the DM is a real scalar. The only possible candidate in this latter case is iq µ + O(q 2 /m 2 X ), which results in very suppressed scattering rates.
Anti-symmetric bilinears
Neglecting q µ , the only Lorentz covariant 2-index antisymmetric tensors are
To see this, note that in the frame − → p + − → p = 0, and neglecting O(q/m X ) terms, the only non-trivial candidate for the ij component is ε ijk s k , which can be uplifted to ε µναβ v α s β .
Contractions of this latter with the Levi-Civita tensor then gives us v [µ s ν] . Had we started looking at the 0i component, rather than ij, we would have arrived at the same result (2.20) . By an argument similar to the one discussed for T µ 1 we can prove that, in addition to have S = 0, any DM field with (2.20) must be complex. Indeed, the DM operators must now be CPT invariant, so that eq. (2.19) holds with η = 1. However, real DM has (v µ s ν ) c = −v µ s ν , which is incompatible with (2.19). As a consequence, real DM has vanishing couplings to all SM 2-index antisymmetric tensors at leading order in q. This is a generalization of the statement that Majorana particles (or real vectors and scalars) do not have electromagnetic dipole moments.
We find six new tensors at next to leading order. The hermitian expressions can be written as
, and analogous contractions with ε µναβ . For complex DM, these result in small corrections to (2.20) , but for real DM they cannot be neglected. By studying their transformations under CPT we single out
as the only CPT-even combinations, and therefore the dominant anti-symmetric bilinears for real DM. By formally performing an "integration by parts", these can be reduced to couplings between an axial T µ 1 and the derivative of the (anti-symmetric) SM operator. (Note that ε µναβ s α iq β B µν = 0 by the Bianchi identity.) Finally, real scalars do not have antisymmetric bilinears.
Symmetric-traceless bilinears
The dominant 2-index symmetric bilinears can be written as:
For spin-1/2 DM, the s µ s ν structure is equivalent (modulo a factor 1/2) to the first one in (2.22) because of the anti-commutation properties of the Pauli matrices, while is clearly trivial for scalar DM. It first appears as a new coupling for S = 1, as we find in table 2. The structure v µ s ν is absent in the case of real DM. Because any DM particle admits at least the first coupling in (2.22), the corrections O(q/m X ) will be ignored.
Analysis of the LUX and XENON100 bounds
In this section we will present the current direct detection (DD) bounds on the couplings of table 1, assuming that X constitutes the totality of DM with local density of ρ X = 0.3 GeV/cm 3 , and turning on the operators O α in (2.1) one at a time. We will mostly focus on the results of LUX [10] and XENON100 (2012) [11] , which provide the strongest constraints. At leading order in the DM-SM couplings, the DM-nuclei amplitude can be written as:
where the T A s have been presented in section 2.2, and the nuclear matrix elements may be extracted from the DM-nucleon matching conditions discussed in section 2.1.1.
All model-dependence is hidden in the Wilson coefficients C W α , which we conventionally write according to Naive Dimensional Analysis (NDA):
We denote by Λ and Λ/f respectively the mass scale of the DM dynamics and the typical coupling among resonances, n D,q,H refer to the powers of derivatives ([D µ , D ν ] ∼ gF µν ), quark and Higgs fields, whereas c α are numbers of order unity. We also introduce numerical factors # in order to exactly match the matrix elements of a Dirac fermion (see table 2 ). 7 The DD bounds are derived in two independent ways. We use the Mathematica code provided in [17] for spin S = 1/2 DM, as well as to produce the "thin curves" in our figures. The maximally allowed number of events taken in [17] is rescaled down so that at m X = 1 TeV the 90% CL bound on the nucleon-DM cross section reads 1.2 × 10 −44 cm 2 for LUX and 2.0 × 10 −44 cm 2 for XENON100, in agreement with [10] and [11] .
The analysis is independently checked, and generalized to arbitrary spin S, employing the following simplified procedure, valid for m X 100 GeV (see thick curves in the plots). We define the number of scattering events per nuclear recoil energy E R and unit time as
with N T = detector mass/m T the number of target nuclei (of mass m T ), which for both LUX and XENON100 we assumed to be a single species with (A, Z) = (131, 54) for simplicity. The minimal DM velocity required to transfer a kinetic energy E R to the target is
are, respectively, the cross section for scattering of DM and target nuclei and the DM velocity distribution, both defined in the lab frame. In the non-relativistic limit, the differential cross section reads
with |M T | 2 the spin-averaged S-matrix element squared for DM-target scattering in eq. (3.1). This involves a form factor F (E R ). In the case of spin-independent scattering we take
where r 2 0 ≈ (1.44 A 2/3 − 5) fm 2 and s ≈ 0.9 fm. The DM is assumed to follow a Boltzmann distribution with dispersion v 0 = 220 Km/s in the galactic frame. The earth velocity was taken to be v e = [232 + 15 cos(2π(y − y 0 ))] 7 The overall mX ensures that the estimates are compatible with a large N expansion for a heavy baryon DM [25] . It also agrees with NDA expectations in the case of light DM of spin S = 0, 1/2, 1, provided a suppression factor mX /Λ is introduced in front of the "chirality-violating" operators.
Km/s with y 0 = 152/365. We used an escape velocity from the galactic center of v esc = 544 Km/s. These assumptions, together with ρ X , are all plagued by large uncertainties.
We convolve the differential rate (3.3) with the (energy-dependent) efficiencies reported by the collaborations, use N T = 118(34) Kg/Am p , and then integrate over E R ≥ 3 keV (E R ∈ [6.6 keV, 43.3 keV]) and a whole year for LUX (XENON100). To account for the smaller exposure we multiply by a factor of 85.3 days/yr (224.6 days/yr). The 90% CL bound on the standard spin-independent nucleon-DM cross section matches the LUX (XENON100) value of 1.2 × 10 −44 cm 2 (2 × 10 −44 cm 2 ) -at m X = 1 TeV -after requiring that the thus obtained number of events be smaller than 5.3 (5.7).
This simplified analysis does not include the acceptance in the conversion of the scintillation photons into photoelectrons, scintillation efficiencies, etc. These latter effects become less and less important as the DM mass increases. Consistently, the results are in very good agreement with those obtained with the Mathematica code of [17] for m X 100 GeV.
DM dipole moments
We begin our analysis with the couplings to B µν of complex DM with spin. Following table 1 and our conventions, we define:
In the non-relativistic limit the operator O Xm describes the interaction (2m X )µ − → s · − → B , with − → B the magnetic field and µ = 4ec Xm /Λ the DM magnetic dipole moment. 8 As explained above, the numerical factors in (3.6) are chosen so that the resulting matrix elements agree with those of c Xm Xσ µν Xg B µν /Λ, with X a fermion. The operator O Xm mediates both a spin-independent and a spin-dependent interaction. The latter is a very small effect and will be neglected. The spin-independent part of the differential rate reads
with E R = − → q 2 /2m T the kinetic energy transferred to the target of electric charge Ze. In deriving (3.7) we used 8) and then averaged over the incoming spins. 8 The NDA expectation cXm ∼ 1 is compatible with the lattice results of [26] . Using (3.7), the 90% CL bound from LUX is
For m X = Λ, c Xm = 1, S = 1/2, the bound becomes m X 28 TeV. Comparing to the corresponding result from XENON100, that approximately reads as in (3.9) except for the replacement 150 → 93, we see that LUX appreciably benefits from the lower energy threshold.
As anticipated in our discussion around eq. (2.20), the rate (3.7) is valid for any spin S, whereas the O(q/m X v) = O(µ T /m X ) corrections (note that the leading term is O(v)) are model-dependent. Indeed, our expression agrees at leading order with the differential rate shown in [27] , obtained for light S = 1/2 DM. 9 In figure 1 (left) we show the LUX, XENON100, and CDMS-Ge 90% CL bounds in this latter case, including the spin-dependent contribution. For light DM the systematic uncertainties of the experiment become relevant, but the result quickly reduces to (3. In this respect, we should mention that we do not agree with the claim in [7] and [28] that the formula for light S = 1/2 DM (mX Λ) generalizes to arbitrary spin modulo a simple rescaling of a factor of We can go through a completely analogous discussion for the electric dipole operator, which we define as
10)
The non-relativistic limit is the familiar (2m
Xe /Λ. We find:
where | − → v | = v and we again neglected a small spin-dependent contribution. The expression (3.11) coincides with that of [7] [27] [28] . The (model-dependent) corrections to O Xe are here truly O(q/m X ), and hence always much smaller than one. The LUX, XENON100, and CDMS-Ge bounds are shown for S = 1/2 in purple in the right panel of figure 1 . At DM masses above ∼ 100 GeV, the LUX constraint reads, for arbitrary S,
XENON100 gives an analogous bound, with 150 replaced by 92. The rate is now enhanced by O(1/v 2 ) compared to the magnetic dipole. The constraint on the new physics scale is consistently a factor v −1 ∼ 10 3 stronger. Eq. (3.12) represents a significant constraint, not only for strongly coupled dynamics but also in weakly coupled theories, where the electric-dipole operator first arises at loop level. For example, for c Xe ∼ 1/16π 2 and m X = Λ the bound becomes m X 97 TeV, while even for c Xe ∼ (1/16π 2 ) 2 one finds Λ ∼ m X 3.
"Charge radius" operator
We now discuss the "charge radius" operator:
As emphasized in section 2.2, real DM does not admit this coupling, but it is expected to have an anapole operator s µ ∂ ν B µν , which will be analyzed in section 3.6. At scales relevant for DM-nuclei scattering the effect of the Z 0 boson is suppressed by q 2 /m 2 Z , and photon exchange dominates. The differential rate is given by
This result holds for complex DM of any mass and spin. The LUX and XENON100 bounds at 90% CL are shown in the left of figure 2 in solid red. For DM masses above ∼ m T this depends on m X only via the local DM density, and the LUX bound becomes:
TeV. (3.15) XENON100 provides a slightly weaker bound, of order Λ 1.7 |c XB |(TeV/m X ) 1/4 TeV. At XENON1T one anticipates an improvement of a factor of ∼ 100 in sensitivity over XENON100 [30] , so the current 1.7 TeV will become ∼ 5.3 TeV. The latter is comparable to that from the electroweak S-parameter, which roughly requires m 2 Z /Λ 2 ∼ 10 −3 . 
Gluon and "quark mass" operators
Let us now turn to the scalar couplings to gluons and quarks. The following results apply to complex and real DM of any spin.
First, consider
To estimate the effect of O XG we employ the matching in (2.14). Performing a coherent sum of the N s in the nuclei (as explained for instance in [24] and [31] ), from (2.14) we obtain
For m X > m T LUX sets the following 90% CL constraint:
This decreases slower than (3.15) with increasing DM mass, so the bound on O XG becomes more important at larger masses. This is shown in the left of figure 2 for f (N )
T G = 1 (the constraint on O XG from LUX and XENON100 are both shown in blue).
Dark matter of any type can also couple to the SM quarks via 19) where the matrix y ij is in general flavor-violating. After having replaced the Higgs with its vacuum expectation value we write y ij q i Hq j → m ij q i q j +O(h), where the qs are understood to be the mass eigenstates and m ij is hermitian. Because QCD conserves flavor, the effect of the off-diagonal terms in m ij are suppressed by a weak loop factor and powers of the Cabibbo angle. These are also very constrained by ∆F = 0 processes. We will therefore neglect the off-diagonal entries in what follows. To estimate (3.19) we first derive an effective nucleon-DM coupling:
where numerical values of f T q are given in eq. (2.13) at leading order in a heavy quark expansion. The rate reads:
We will present our bounds for scenarios in which the m ii s are the SM quark masses. In fact, we will see below that this is a defendable approximation in unnatural theories. In this class of models only the sum q=u,d,s f T s are in fact more plausible [34] . An estimate of the small difference f n T q − f p T q has been given recently in [35] , but will be neglected here. We use q=u,d,s f We stress that chiral NLO corrections might be important in certain cases [31] [38]. In those instances the process N X → N X should be complemented with additional momentum-dependent terms and multi-nucleon interactions. For the cases studied here these effects are of order a few percent.
Higgs couplings
As in the previous subsection, here all results are independent of the DM spin.
Bounding Unnaturalness
According to NDA, and assuming no specific structure in the Higgs sector, the Wilson coefficient of the operator O XH , coupling H † H to DM, should be of order Λm X /f 2 . More generally, we can write:
with ∆ FT ∼ δm 2 h /m 2 h the ratio between the typical contribution to the Higgs mass operator and the physical Higgs boson mass. This quantity provides a measure of the "unnaturalness" of the theory. In the MSSM we expect δm 2 h ∼ Λ 2 ∼ g 2 w f 2 , with g w = g, g a weak coupling and the new physics threshold identified with the higgsino mass. In models where the Higgs is a Nambu-Goldstone boson, however, O XH is typically generated by the same (small) parameters correcting the Higgs squared mass. In this case δm 2 h ∼ λf 2 Λ 2 , with λ the Higgs quartic coupling.
After exchanging the Higgs boson at tree-level, from (3.22) we obtain the same matrix element (3.19) of the operator O Xy -with y ij identified with the quark Yukawa matrix -, but here parametrically enhanced by ∼ ∆ FT . The effect of O XH is therefore stronger in unnatural theories with ∆ FT 1, in which case O XH effectively behaves like a dim-4 (dim-5) interaction for boson (fermion) DM. The current bounds on O XH are readily obtained by rescaling the constraint on O Xy in figure 2 .
As the sensitivity of direct detection experiments improves, the relevance of (3.22) will get stronger faster than DM signatures induced by dim-6 interactions, and eventually O XH will dominate. For example, for a complex scalar, we find that the ratio between the scattering rates induced by O XH,XB scales as:
where in the last step we used the fact that δm 2 h ∼ λf 2 is approximately satisfied in the scenarios of interest. This estimate tells us that (in theories compatible with NDA) the operator O XH will start dominating DD signatures of complex WIMPs when experiments become sensitive to Λ > O(20) TeV, or equivalently when they will reach sensitivities on the nucleon-DM scattering cross sections of order 10 −47 cm 2 for m X ∼ 1 TeV.
DM and custodial SU (2) c
Complex DM can also couple via (v w ≈ 246 GeV and c w is the cosine of the weak angle)
The analogous coupling for real DM is studied in section 3.6. In a generic model O XZ will appear in the effective action with c XZ = O(1). However, the coupling (3.24) breaks the custodial SU (2) c symmetry protecting the electro-weak T parameter, so when c XZ ∼ 1 important corrections to c 2 w m 2 Z /m 2 W − 1 are expected. For example, by closing a DM loop between two insertions of O XZ we obtain the effective operator |H † D µ H| 2 , which immediately translates into α em T ∼ c 2 XZ v 2 w /f 2 . The current 99% CL bound on the electroweak T parameter is on the order of α em |T | 2 × 10 −3 [39] , the exact value being correlated with the new physics contribution to the other oblique parameters. By imposing custodial SU (2) c the correction to T can be suppressed. This may or may not be done suppressing c XZ as well, depending on the DM charge assignments under SU (2) c (see [40] for an explicit model). We will derive the direct detection bound for arbitrary c XZ .
The matrix element (3.24) describes a coupling between DM and the Z 0 boson which is very severely constrained by DM experiments. Using the matching (2.9), and (2.10) including the running from m Z → µ N , one writes the couplings of the Z 0 boson to the nucleons as
Finally, integrating out the Z 0 and performing a coherent sum of the N s, the spinindependent differential rate is given, neglecting small O(v 2 ) terms, by
The spin-dependent coupling c
is only relevant for real DM, as discussed below. For m X 100 GeV, the LUX bound on the spin-independent rate simply reads
that is f 7.3 |c XZ | TeV (TeV/m X ) 1/4 . The 90% CL bound from LUX (upper solid) and XENON100 (lower solid) are shown in the left of figure 3 in gray. Interestingly, these are comparable to the constraint obtained from electroweak data.
More quark and gluon operators
Stringent bounds arise if there exist direct and unsuppressed couplings between the light SM fermions and the DM sector. In these cases complex DM of arbitrary S can interact with a quark current:
The DM sector must possess a non-trivial flavor structure in order to allow this coupling and at the same time avoid problems with flavor violation. In practice, and similarly to O Xy , only the flavor conserving interactions are relevant to DD experiments.
As an example, let us assume c Xq is a family-universal coupling for the (left-handed) quark doublet. From the matching†σµ q → TeV. The 90% CL LUX and XENON100 constraints are shown in the left plot in figure 3 in dashed gray. These can easily be generalized to arbitrary couplings to quark currents using (2.9) (2.10). DM could also couple to the symmetric tensors defined in eqs. (2.7) (2.8): 30) and similarly for the other tensors in (2.22) . Note that, as opposed to O Xq , the operator O Xqq is present for both real and complex DM. Using (2.11) we get:
where we neglected terms O(v 2 ). In the right plot of figure 2 we show the bound at 90% CL for q f (N ) q2 = 1 (see dashed green curve). The nucleon-DM coupling is here suppressed by a factor m N /Λ compared to O Xq because of the larger dimensionality of the operator, so the bounds are much weaker. Yet, it is enhanced by ∼ m N /f N with respect to O Xy , which has the same dimensionality but violates chirality. The same result holds for O XGG and q f (N ) G2 = 1. Assuming the same numerical coefficients, the rate obtained from
is basically the same as in (3.31) up to the replacement
. On the other hand v µ s ν gives a rate O(v 2 ) and only provides a small correction.
Spin-dependent Vs velocity-suppressed interactions
In the case of real WIMPs, all DM vector currents in O XB,XZ,Xq should be replaced by an axial-vector operator. From the explicit expression
follows that the interactions mediated by s µ can be of two types, depending on whether the SM current dominantly matches onto c V N γ µ N or c A N γ µ γ 5 N . In the non-relativistic limit the nucleon-DM hamiltonian scales as (
The first structure leads to a velocity-suppressed, spin-independent scattering, and a rate of order v 2 0 ∼ 10 −6 compared to the analogous vector interaction ∝ v µ . The second type of interaction involves an axial nucleon current, which results in couplings proportional to the DM and the nucleon spin ( − → s N ). Currently, the most stringent bounds for spindependent rates are on the neutron-DM cross sections and are of the order σ n 5 × 10 −39 cm 2 × m X /TeV [41] , which is roughly a factor 10 5 weaker than for spin-independent rates. These latter constraints can be weaker or stronger than those induced by the velocitysuppressed and spin-independent interaction, depending on c A /c V .
Let us first discuss
where c
(N )
V,A are defined in Section 3.4.2. The velocity-suppressed coupling ∝ c V leads to |c XZ5 |v 2 w /f 2 m X /TeV, that is weaker than (3.28) by a factor of O(v 0 ). To estimate the effect of the spin-dependent interaction we momentarily assume c V = 0. Summing the spins of the final state and averaging over the initial ones, the non-relativistic neutron-DM cross section becomes 35) where µ n is the DM-neutron reduced mass and |c
Because the axial-neutron and vector-neutron couplings are comparable, |c
V |, the bound from the spin-dependent interaction is found to be a factor of a few stronger than the one obtained from the velocity-suppressed interactions, as one would naively expect given the current experimental sensitivity. In the right panel of figure 3 (solid line) we present the constraint with both c
A turned on for S = 1/2 DM. As anticipated, this is dominated by the spin-dependent interaction.
The conclusion is not necessarily the same for
where again q refers to any quark field. The reason is that the relative magnitude of the axial and vector nucleon couplings are in this case more model-dependent. For example, the same exercise done in section 3.5 for "composite" quark doublets shows that the spinindependent constraint from LUX now gives f 390 × |c Xq5 | × (TeV/m X ) 1/4 GeV (modulo a mild dependence on the DM spin). Still assuming that q is the quark doublet, and that the interaction is universal for all three generations, the coupling to the axial neutron current reads q †σµ q → ∆nγ µ γ 5 n, with ∆ ∼ 0.1, see eq. (2.10). The resulting bound from the spin-dependent rate is weaker than the one obtained from the velocitydependent process, since the axial coupling c A is a bit smaller than the vector coupling c V . We show the combined bound (including simultaneously velocity-dependent and spindependent rates) on O Xq5 in figure 3 (dashed line in the right panel) for "composite" quark doublets, ∆ = 0.1, and fermionic DM (S = 1/2).
According to table 1, the remaining DM-axial coupling would come from the anapole operator
The dominant contribution to elastic DM scattering in matter is due to photon exchange, and is spin-independent but velocity-suppressed (this expression agrees with [42] ):
The LUX bound on Λ is consistently suppressed by v 1/2 0 compared to that of section 3.2, apart from a mild dependence on S. The spin-dependent process induced by a Z 0 -boson exchange is further suppressed by q 2 /m 2 Z 1, and is therefore subleading.
The un-natural pNGB Higgs: a theory of Flavor and Dark Matter
Relaxing the requirement of naturalness has a crucial impact on model-building. We here discuss some of the implications in strongly coupled Higgs theories (warped extra dimensions).
Historically, much of the efforts focused on trying to alleviate tensions with the electroweak data. However, this problem is significantly alleviated in our framework, where the compositeness scale Λ is determined by the WIMP argument, say from a few TeV to Λ 100 TeV. In these unnatural scenarios not only is Λ heavy enough to sufficiently suppress the S-parameter, but f may be so large that the custodial symmetry SU (2) c becomes a superfluous ingredient. Similarly, one does not need a custodial parity P LR [43] to avoid large corrections to Z 0 → bb.
Having obliterated this problem, the main concern is getting the Higgs mass right. In a generic strong dynamics the Higgs has a quartic of order Λ 2 /f 2 , and is way too heavy. One can significantly improve by focusing on models in which the Higgs is a pseudo NambuGolstone boson. In this case the largest unavoidable contribution to the Higgs quartic comes from the top sector, and the Higgs potential typically scales as
for some coefficient a, b. From this expression we derive v 2 /f 2 ∼ a/b and
In all known models the typical contribution to the coefficient a is of order δa 1. This has important implications: natural theories (with δa ∼ a) must have b 1 in order to account for v < f , and hence tend to predict a heavy Higgs. In order to explain the Higgs mass m h = 125 GeV naturally one has to postulate the existence of parametrically light resonances, the so called top partners, that approximately satisfy Λ/f ∼ 1. In other words, natural theories for the weak scale must posses a non-trivial spectrum in order to account for the light Higgs mass.
On the other hand, b 1 is quite generic in composite Higgs models. Consider for example the symmetry breaking pattern SU (4) → Sp(4) [44] [45] (delivering a NambuGoldstone Higgs plus a singlet), and embed the SM quarks q in the 4 = (2, 1) ⊕ (1, 2) of SU (4) ⊃ SO(4) (which break P LR ). This latter scenario has the merit of being minimal, and having a very efficient collective breaking of the Higgs shift symmetry in the quark sector, as in [46] . Moreover, the quartic b arises at higher order compared to a: assuming that the left and right top quarks have a comparable amount of compositeness one gets
With this quartic, the scale and strength of the strong dynamics disappear from (4.2), and a Higgs mass in the right ballpark is the generic expectation. The lesson to be learned is that once we except some tuning of the weak scale (in this example of order ∼ Λ 2 /m 2 t ), the Higgs mass can be obtained with a generic spectrum and even with a maximally strong sector Λ ∼ 4πf . Unnatural theories can thus appear more generic in theory space.
With Λ in the multi-TeV range the Higgs boson would be very SM-like, and colliders are not powerful, at least in the immediate future. Precision experiments appear more promising. Flavor constraints on warped 5D models, and their strongly coupled 4D dual, are known to require Λ 10 TeV, at least in the simplest and most elegant realizations [47] [48] [49] . These values are perfectly reasonable in an unnatural model. In fact, the upper bound ∼ 100 TeV suggested by the WIMP argument may be close to the reach of future high intensity experiments [50] . Strongly coupled scenarios turn into very attractive theories for flavor 10 when pushed in the unnatural regime.
Interestingly, current DD bounds on unnatural warped extra dimensions are complementary to flavor and electroweak data. In particular, the most severe constraint from DM direct searches is on the DM electric dipole moment. Unless additional structure is introduced, this bound essentially rules out complex WIMPs with spin. The reason is that in these theories it is not generically possible to generate an O(1) CKM phase and at the same time efficiently suppress CP-violation. For instance, the simplest way to relax the constraint on the DM electric dipole moment is to assume that CP is an approximate symmetry of the strong dynamics [52] , and is only broken by small mixing parameters q between the SM fermions and the strong sector. In this case the electric dipole moment arises from loop diagrams involving virtual SM fermions, and we estimate
Recalling that the top Yukawa is typically of order y t ∼ 2 q Λ/f , we find that the relevant mass range Λ 100 TeV is still robustly excluded by LUX and XENON100, even if they constitute a fraction of the DM.
The generic expectation is that DM in these models be a scalar or a real field, with H † H controlling the most promising DD signatures. Yet, in scenarios with light resonances of mass Λ some of the other operators discussed in section 3 may be enhanced. The parametric dependence on the new physics scale Λ of the interactions in section 3 is expected to be accurate as long as the couplings and masses of the resonances mediating the interaction are compatible with NDA. In practice, Λ should be interpreted as the mass of the corresponding mediator. For example, consider a vector resonance ρ, which can contribute to the vector-vector operators at tree-level. If it couples with NDA strength g ρ ∼ m ρ /f to the DM, while to the SM fermions only via mixing with the hypercharge gauge boson (of order g /g ρ ), then the operator O XB will have a coefficient as in (3.13) except for the replacement Λ 2 → m 2 ρ . However, a light dilaton can be an important exception to this rule, because its mass could be parametrically light in a technically natural way [53] [54] , and still allow unsuppressed (NDA-sized) couplings. The dilaton σ couples to the SM quarks, gluons, and Higgs as the Higgs boson, provided we make the replacement h/v → σ/f σ and add modeldependent factors of order one [55] [56] , whereas to the DM as ∼ m 2 X X † Xσ/f σ . Integrating σ out we find new contributions to the coefficients of O XG,Xy , which are enhanced by ∼ Λ 2 /m 2 σ compared to the NDA expectations in (3.16) (3.19) -modulo a factor of f 2 /f 2 σ . Analogously, O XH may be enhanced if m σ < m h .
Discussion
Naturalness is a well motivated principle, but unfortunately not a quantitative one. The new physics threshold is expected to be of order 0.1 − 1 TeV, but it is not possible to predict how close to it.
An independent perspective may be provided by the WIMP "miracle". In realistic SUSY and warped models the observed DM density is often obtained by pushing the new physics above the TeV, so the very existence of structure in the Universe may require a fine tuning of the weak scale. In this paper we showed that DM searches are an efficient probe of these unnatural theories.
We studied the direct detection of a gauge-singlet WIMP in generic extensions of the SM. We worked in a "heavy DM" expansion, and adopted a simple unified description valid for DM of arbitrary spin S. DM can be real or complex, and CPT invariance restricts the couplings of the former type. The approach is fully relativistic, and explicitly manifests non-trivial correlations among the non-relativistic operators appearing in the nucleon-DM hamiltonian. For example, terms − → v 2 are always subleading, unless cancellations occur.
Similarly, ( − → s · − → v ) 2 only arises if there exist non-generic relations among irreducible Lorentz tensors. Our formalism also exploits SM gauge invariance, and should be contrasted with a U (1) em × SU (3) color invariant theory for quarks and gluons, where a larger number of relevant interactions is present. Assuming for definiteness that the dark sector follows NDA expectations, and that CP is violated generically, the number of interactions relevant for DM direct detection reduces to those collected in table 1. Most of the operators appear in one form or another scattered in the existing literature, which mostly focused on S = 0, 1/2, 1. The only two exceptions are those associated with
which first arise for S ≥ 1. The analysis can easily be extended to more general frameworks, as well as models with inelastic DM scattering. Light mediators are accounted for by observing that these latter must be singlets under the SM group to evade collider constraints. This implies that their couplings to the SM are again given by the operators discussed in section 2.1. The Wilson coefficients must now be replaced by appropriate "form factors", which reduce to simple constants when the mediator mass is larger than the typical momentum transfer, | − → q | 100 MeV.
The effective operators must be run from the mediator's scale down to energies at which the nucleon matrix elements are extracted. This enhances the DM couplings to the quark mass operators by ∼ 20%, while it suppresses the axial quark currents by a similar amount.
Electromagnetic dipole moments of complex DM with spin are severely constrained by direct detection experiments, and imply important constraints on the new physics scale even when arising at loop-level. For these processes, LUX improves upon XENON100 more than for the standard spin-independent rate thanks to its better sensitivity to low recoil spectra. Interestingly, DM experiments are currently probing CP-violation at energy scales O(10 5 ) TeV, and thus comparable to flavor experiments. We find that existing data basically rule out complex WIMPs with spin in generic strongly coupled theories for the TeV scale.
Interestingly, direct detection is complementary to electroweak precision data in the case of complex WIMPs (including scalars). The bound arising from H † i ← → D H is comparable to that of the oblique T -parameter (and can be much stronger in certain models with custodial symmetry), whereas DM couplings to ∂ ν B µν will soon be probed up to mass scales of the order of those constrained by the electroweak parameters.
For real DM of any spin the bounds on the spin-independent interactions from LUX and XENON100 are comparable, and are satisfied with a new physics threshold above the TeV. Spin-dependent interactions can compete with velocity-suppressed rates, but their relevance is in general model-dependent. For these WIMPs, processes mediated by the Higgs mass operator H † H will eventually dominate over all other direct detection signatures. For the same reasons explained for the spin-0 case we ignored ∂ µ (X α X α ). Similarly, we did not not show
In the 2-index bilinears there often appears the symmetric tensor s ij = s i s j +s j s i −2δ ij (note that s kk = 2 + 2 − 2 × 3 = 0). The following identity is useful:
Making use of (A.3) one may find an expression for the 2-index tensors. The O(q) terms in these tensors are in general different from those of S = 1/2 DM. All anti-symmetric tensors at the 2-derivative level vanish for q = 0.
B N |GG|N and N |m|N at NLO Consider the following Lagrangian
The operators in L Gq eff are renormalized at some RG scale Λ, with the C i s obtained from matching with the UV theory at this scale. 12 We work at leading order in C i and the weak couplings, so all RG effects are induced by the strong coupling α s = g 2 s /4π. In a mass-independent renormalization scheme, the quark mass operator is multiplicatively renormalized, d dµ (m) = 0, whereas GG mixes with m. One way to obtain its RG evolution is to recall that the matrix elements of the QCD scale anomaly [59] out| θ
are RG invariant. Here β s = ∂g s /∂ log µ and γ m = +∂ log m q /∂ log µ (our convention is such that the dimension of the mass operatoris 3 + γ m and L QCD ⊃ − q mis the quark mass term). Requiring 12 This was referred to as a "short-distance effect" in [58] . 13 Strictly speaking, the operators mqqq, GG do not form a closed set under renormalization. However, the other operators (Ei) they mix with vanish on-shell, so they do not contribute to the matrix element ( N |Ei|N = 0), and our argument is unchanged. In other words, the RG evolution of the Cis decouples from those of the operators vanishing on-shell (see [60] for a recent discussion).
(primes indicate derivatives with respect to the renormalized coupling g s ) and agrees with the RG evolution found in [61] , where no explicit use of the non-renormalization of the scale anomaly was made. Independence of the effective Lagrangian on the renormalization point provides an RG equation for the coefficients C i . The exact solution is
At a heavy quark threshold µ = m q h the theory should be matched onto an effective Lagrangian for the light degrees of freedom. This latter schematically reads C G G a µν G a µν + . By far the largest correction comes from the charm quark. Yet, even taking α s (µ N ) ∼ 1 the latter correction amounts to just a few percent. In the following we will therefore work at leading order in a heavy quark expansion. Now, in order for both L , with the appropriate number of active flavors. In the low energy theory the above discontinuity is parametrized by a matching condition on the Wilson coefficients:
Observe that eq. (B.7) reduces at 1-loop to the formula of [20] . The heavy quark renormalizes the mass operators of the light quarks starting from two-loop diagrams. We estimate that (γ + m − γ − m )/(1 − γ + m ) ≤ O(1 − 2%), so this latter effect is always rather small.
Ultimately, we want an effective field theory for the nucleons. Using our definition (2.12), and recalling that N |θ µν |N = 2k µ k ν (with N = n, p a nucleon), we get: (B.12) 14 We stress that αs in a generic mass-independent scheme is discontinuous at threshold. The discontinuity is accounted for by introducing appropriate matching functions, collected for instance in [65] . However, this effect is well within the mass errors, so we can safely take αs(m The one-loop result is recovered by setting to unity all numerical coefficients in the parenthesis of (2.13) (B.12). The uncertainty in the quark masses has basically no effect on the final result, showing a very mild dependence on the RG scale. The convergence in the perturbative expansion is rather satisfactory, despite the low RG scale, with N n+1 LO/N n LO= O(10%, 40%, 20%). The size of the NLO corrections in (2.13) is of order α s N c /4π, so the larger effect is consistently found in f (N ) T c and is O(10 − 20%). 15 The lattice simulations of [67] [68] are compatible with our f (N ) T c . The NLO corrections in (B.12) are also small, and are dominated by (B.4).
